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A flexible protocol, applicable to semirigid as well as floppy polyatomic systems, is developed for
the variational solution of the rotational–vibrational Schrödinger equation. The kinetic energy oper-
ator is expressed in terms of curvilinear coordinates, describing the internal motion, and rotational
coordinates, characterizing the orientation of the frame fixed to the nonrigid body. Although the
analytic form of the kinetic energy operator might be very complex, it does not need to be known
a priori within this scheme as it is constructed automatically and numerically whenever needed.
The internal coordinates can be chosen to best represent the system of interest and the body-fixed
frame is not restricted to an embedding defined with respect to a single reference geometry. The
features of the technique mentioned make it especially well suited to treat large-amplitude nuclear
motions. Reduced-dimensional rovibrational models can be defined straightforwardly by introducing
constraints on the generalized coordinates. In order to demonstrate the flexibility of the protocol and
the associated computer code, the inversion-tunneling of the ammonia (14NH3) molecule is studied
using one, two, three, four, and six active vibrational degrees of freedom, within both vibrational and
rovibrational variational computations. For example, the one-dimensional inversion-tunneling model
of ammonia is considered also for nonzero rotational angular momenta. It turns out to be difficult to
significantly improve upon this simple model. Rotational–vibrational energy levels are presented for
rotational angular momentum quantum numbers J = 0, 1, 2, 3, and 4. © 2011 American Institute of
Physics. [doi:10.1063/1.3533950]

I. INTRODUCTION

Large-amplitude motions (LAMs) of molecular systems
sample regions of a potential energy surface (PES) either
far away from or around several equilibrium configurations.
Some of the LAM cases investigated include ring pucke-
ring,1–7 torsional and internal rotation8–12 or inversion13–20

motions, bendings in quasilinear molecules,21–24 tunne-
ling,25–29 and the interfragment modes of weakly bound
complexes.30–32 These studies prove the general interest and
the related challenges one faces when trying to treat these
complex motions of the nuclei quantum mechanically. In
all these cases traditional quantum mechanical (QM) treat-
ments suitable for (semi)rigid molecules, such as simple vi-
brational perturbation theory based on the Eckart–Watson
(EW) Hamiltonians33–35 and carried out to second order
(VPT2)36–38 and beyond39–41 or variational treatments uti-
lizing the exact EW Hamiltonians, are not particularly use-
ful. Extensions offered to the variational EW Hamiltonian
treatment (like the reaction path Hamiltonian42 extension
of the widely utilized protocol and code Multimode43–45)
usually allow the treatment of LAM only along a single
coordinate.

Time-independent variational techniques employed in
computational molecular spectroscopy, a field of nuclear mo-

a)Current address: Laboratory of Physical Chemistry, ETH Zürich,
Wolfgang-Pauli-Str. 10, CH-8093 Zürich, Switzerland.

b)Author to whom correspondence should be addressed. Electronic mail:
csaszar@chem.elte.hu.

tion theory, have traditionally been built upon the use of recti-
linear normal coordinates, the Eckart embedding, and the re-
sulting Hamiltonians. Nevertheless, for large-amplitude mo-
tions one must use curvilinear internal coordinates as only
they provide a suitable and efficient physical description and
allow to move away from the Eckart frame and not to con-
nect the Hamiltonian to a single reference configuration. Fur-
thermore, since in many cases there is only a small num-
ber of (but more than one) internal coordinates that dominate
the large-amplitude motions even in relatively complex and
large molecules, development of reduced-dimensional (vari-
ational) nuclear motion treatments is highly desirable (see,
e.g., Refs. 46–49). Recently, two of the authors of this article
developed,50 based also on earlier work,51–55 an efficient and
black-box-type vibration-only protocol relying on the use of
a Hamiltonian expressed in arbitrary internal coordinates and
body-fixed frames. The protocol and the code were termed
as GENIUSH, in reference to its main characteristics: Gen-
eral code with Numerical, Internal-coordinate, User-Specified
Hamiltonians. The most characteristic advantages of the GE-
NIUSH protocol are that: (a) it is completely general in the
sense that a single code could be written to treat all molecular
systems of feasible size, irrespective of the fact whether their
PESs contain a single minimum or easily accessible multiple
minima and what the choices of internal coordinates and co-
ordinate system embeddings are; (b) the complex form of the
exact kinetic energy operator in internal coordinates, see, e.g.,
Ref. 56, does not need to be known; and (c) it allows the use of
arbitrary reduced-dimensional nuclear motion treatments
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within the same code. All these features of the time-
independent variational nuclear-motion GENIUSH protocol
become especially important when the aim is to treat large-
amplitude motions of larger molecular systems. Thus, after
finishing the vibration-only part of the GENIUSH code50 our
attention was turned to its extension so that the protocol and
the code can handle rotations in full and reduced dimensions,
as well.

As to experiments, it is straightforward to learn about
large-amplitude motions of molecules by deciphering, with
appropriate theoretical tools, their spectral, time-independent
consequences. This is because experimentalists have learned
a lot about how to improve the resolution when measuring
molecular spectra and under high resolution the spectra pro-
vide important signatures related to these motions.57, 58 In the
case of ammonia (NH3), for example, vibrational motion re-
sults in measurable “splittings” which can be turned around to
come up with a special potential, connecting two equivalent
minima via a small barrier, and an explanation of the spectrum
resting on the “umbrella motion.” This is a happy state of af-
fairs as now interpretation of experimental molecular spectra
of molecules exhibiting large-amplitude nuclear motions can
be based on accurate and efficient time-independent quantum
mechanical approaches.

Clearly, it is often not sufficient to model high-resolution
molecular spectra even through variational quantum chemical
computations with zero rotational angular momentum. High-
resolution spectra often yield detailed rotational–vibrational
information, and thus accurate first-principles computation of
rotational–vibrational eigenpairs becomes especially impor-
tant. Nevertheless, a considerable number of QM nuclear mo-
tion protocols developed deal exclusively with the purely vi-
brational (J = 0, where J is the rotational quantum num-
ber) problem and only a few have been extended to the si-
multaneous treatment of excited vibrations and rotations. The
variational rotational–vibrational QM approaches developed
are based either on (a) tailor-made Hamiltonians with ex-
plicitly given kinetic energy operators expanded in curvilin-
ear internal coordinates;59–67 (b) the Eckart–Watson Hamil-
tonian and rectilinear coordinates;43, 44 or (c) arbitrary vi-
brational coordinates and numerical construction of the ki-
netic energy operator.55, 68, 69 While the first approach is al-
ways limited to special cases as far as the number and con-
nectivity of the atoms are considered, the latter two types
of approaches are suitable for arbitrary molecules, though
only the third one is fully appropriate when LAMs are
considered.

It is usually argued that the rotational problem is less dif-
ficult to treat than the vibrational problem. Indeed, the ba-
sics of the different variational treatments of rotations is more
or less the same, employing such well-established tools as
the Euler angles, the rotation matrices forming a complete
and finite representation, and the Wang symmetrization.70, 71

Nevertheless, it’s still valid to ask whether extension of a
GENIUSH-type variational vibrations-only protocol to in-
clude rotations would indeed be straightforward or substan-
tial additional difficulties arose in the theory or during pro-
gramming. One also wonders whether reduced-dimensional
models can yield rotational–vibrational eigenvalues compa-

rable in accuracy with the full-dimensional results. Further-
more, given the ease with which one can develop and treat
reduced-dimensional models of varying sophistication using
GENIUSH, is a reduced-dimensional model treating several
additional degrees of freedom indeed considerably more ac-
curate than simple, preferentially 1D models ubiquitously em-
ployed in the past? Alternatively, if the reduced-dimensional
model is adequate to describe vibrations, would it be simi-
larly adequate to describe rotations and coupling of the two
motions? These questions are answered in this paper by re-
porting the rotational extension of the variational GENIUSH
protocol and code and addressing the accuracy issues on the
model system of the ammonia molecule (14NH3).

II. THEORY

A. Formulation of the classical Hamiltonian in
generalized coordinates

The nonrelativistic Lagrangian of an isolated N -particle
system with masses mi , i = 1, ..., N , can be written as

L = 1

2

D+6∑
k=1

D+6∑
l=1

gkl q̇k q̇l − V, (1)

where D < 3N − 6 for reduced-dimensional models (D
= 3N − 6 for the full problem), V is the potential energy de-
pending on the coordinates qk , and

gkl =
N∑

i=1

mi
∂XT

i

∂qk

∂Xi

∂ql
=

N∑
i=1

mi tT
iktil, k, l = 1, . . . , D + 6.

(2)

In Eq. (2), Xi is the position vector of the i th atom in the
space-fixed reference frame (X, Y, Z ), and tik is the t vector72

of the qk generalized coordinate on the i th atom. After in-
troducing the pk = (∂L/∂ q̇k) (k = 1, . . . , D + 6) generalized
momenta conjugate to qk , the classical Hamiltonian takes the
following simple form:

H = 1

2

D+6∑
k=1

D+6∑
l=1

Gkl pk pl + V, (3)

where

Gkl = (
g−1

)
kl , (4)

if g ∈ R(D+6)×(D+6) is not singular.
To construct the g and G matrices, let us describe

the configuration of the system by the qk = qk active (k
= 1, . . . , D) and constrained (k = D + 1, . . . , 3N − 6)
internal coordinates, the three rotational qD+1 = α1, qD+2

= α2, qD+3 = α3, and the three center-of-mass (qD+4

= XCOM
1 , qD+5 = XCOM

2 , qD+6 = XCOM
3 ) coordinates. Then,

Xi = XCOM + Cxi , i = 1, . . . , N , (5)

where C is an orthogonal rotation matrix depending on the
three rotational coordinates, and the xi body-fixed position
vectors in the body-fixed frame (x, y, z) are the functions of
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the qk internal coordinates. Derivation of the gkl matrix ele-
ments is equivalent, see Eq. (2), to giving the tik vectors in
terms of the generalized coordinates.

The translational ti,k+D+3 (k = 1, 2, 3) vectors are
simply

ti,a,k+D+3 = ∂ Xia

∂ XCOM
k

= δak, a = 1, 2, 3, (6)

where a refers to the three components of the vector t.
By making use of Eq. (2), the translational g matrix ele-

ments can be expressed as

gk+D+3,l+D+3 = Mδkl, k, l = 1, 2, 3, (7)

where M is the total mass of the system; thus, these are con-
stants.

The rotational–translational and the vibrational–
translational coupling matrix elements of g are all equal
to zero. Therefore, the motion of the center of mass can
be separated exactly from the rest of the coordinates. This
allows the introduction of the

H rv = T rv + V = 1

2

D+3∑
k=1

D+3∑
l=1

Gkl pk pl + V (8)

rovibrational Hamiltonian.
The rotational ti,k+D (k = 1, 2, 3) vectors take the form

ti,a,k+D = ∂ Xia

∂αk
=

3∑
b=1

∂Cab

∂αk
xib. (9)

Thus, the rotational g matrix elements are equal to

gk+D,l+D =
N∑

i=1

mi (ek × xi )
T(el × xi ), (10)

where the direction of the unit vector ek coincides with the
axis of rotation assigned to the angle αk [see supplementary
material73 for the derivation of Eq. (10)].

The vibrational tik (k = 1, . . . , D) vectors are

tiak = ∂ Xia

∂qk
=

3∑
b=1

Cab
∂xib

∂qk
. (11)

Thus, the corresponding vibrational g matrix elements are
given as

gkl =
N∑

i=1

mi
∂xT

i

∂qk

∂xi

∂ql
, (12)

where k, l = 1, . . . , D [see supplementary material73 for the
derivation of Eq. (12)]. To determine gkl , choice of the em-
bedding has to be elucidated, which gives the dependence of
the xi body-fixed nuclear position vectors on the qk internal
coordinates.

According to the previous expressions, the g matrix ele-
ments of the rotational–vibrational coupling block have the
form

gk,l+D =
N∑

i=1

mi
∂xT

i

∂qk
(el × xi ), (13)

where k = 1, . . . , D, l = 1, 2, 3, and g is a symmetric matrix
[see the supplementary material73 for the derivation of Eq.
(13)].

The elements of G can be expressed in two different
ways: (a) by inversion of g and (b) by introduction of the so-
called ski vectors,55, 72, 74 ski = (∂qk/∂Xi ), k = 1, . . . , D + 6
and i = 1, . . . , N . In this study only the first approach has
been utilized to construct G.50

B. Formulation of the quantum mechanical
Hamiltonian in generalized coordinates

In this subsection the rovibrational quantum Hamilto-
nian Ĥ rv is introduced in analogy to the rovibrational classi-
cal Hamiltonian H rv. Within the Born–Oppenheimer approx-
imation, the potential energy acting on the nuclei, V̂ , can
be obtained by electronic structure computations. Thus, we
will focus on constructing the rovibrational kinetic energy
operator in the set of qk (k = 1, . . . , D) vibrational and αk

(k = 1, 2, 3) rotational coordinates. According to differential
geometry,75–77 T̂ rv becomes

T̂ rv = 1

2

D+3∑
k=1

D+3∑
l=1

g̃−1/4 p̂†
k Gkl g̃

1/2 p̂l g̃
−1/4, (14)

where g̃ = det(g), g is either the full or the rotational–
vibrational metric tensor, p̂k are the quasi-momenta,78 and
the volume element is dV = dα1dα2dα3dq1dq2 . . . dqD .
In units of ¯, for the vibrational coordinates p̂k

= −i(∂/∂qk), k = 1, . . . , D, while for the rotational co-
ordinates p̂k+D = −i(∂/∂αk), k = 1, 2, 3, where i2 = −1.

Next, let us utilize that infinitesimal rotations are
generated71 by the projection of the total angular momentum
vector Ĵ onto the rotational axis:

nĴ = −i
∂

∂φ
, (15)

where n has unit length, its direction gives the rotational axis,
and φ is an angle associated with the rotation around this axis.

After specifying three unique rotational axes, three suc-
cessive rotations can be performed in order to define the trans-
formation between the space-fixed and body-fixed frames. As
the αk rotational coordinate describes a rotation around the
kth of these three rotational axes, it is obvious that

p̂k+D = −i
∂

∂αk
= Ĵk, (16)

where Ĵk is the component of the total angular momentum
vector along the kth rotational axis. In this study the three
rotational axes have been chosen to coincide with the three
axes of the body-fixed frame. Therefore, the Ĵk operators
correspond to the angular momentum components and the
αk rotational angles define three successive rotations around
the three orthogonal axes of the body-fixed system. This
study employs these infinitesimal rotational coordinates79, 80

instead of the widely used Eulerian angles. This choice
has two significant advantages: (a) one can directly insert
the body-fixed components of the total angular momentum
into the rovibrational Hamiltonian by utilizing Eq. (16),
which greatly reduces the effort to construct T̂ rv; and (b) the
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rotational and rotational–vibrational blocks of g (and thus
of G) can be computed trivially, as according to Eqs. (10)
and (13), one needs to evaluate the ek × xi cross products of
the unit vectors pointing along the body-fixed axes and the
body-fixed atomic position vectors.

C. Variational solution of the rotational–vibrational
problem

In order to compute rovibrational states variationally the
matrix representation of the Ĥ rv Hamiltonian is considered. It
is advantageous to split T̂ rv into three terms:

Ĥ rv = T̂ rv + V̂ = T̂ vib + T̂ rot + T̂ rotvib + V̂ , (17)

where

T̂ vib = 1

2

D∑
k=1

D∑
l=1

g̃−1/4 p̂†
k Gkl g̃

1/2 p̂l g̃
−1/4, (18)

T̂ rot = 1

2

3∑
k=1

Gk+D,k+D Ĵ 2
k + 1

2

3∑
k=1

3∑
l>k

Gk+D,l+D [ Ĵk, Ĵl ]+,

(19)

and

T̂ rotvib = 1

2

3∑
l=1

D∑
k=1

(
g̃−1/4 p̂†

k Gk,l+D g̃1/4

+g̃1/4Gk,l+D p̂k g̃−1/4
)

Ĵl , (20)

where T̂ vib is the vibrational and T̂ rot is the rotational kinetic
energy and T̂ rotvibgives the coupling between vibrations and
rotations. In Eq. (19), Ĵk is the kth body-fixed component of
Ĵ and [ Ĵk, Ĵl ]+ refers to the anticommutator of the operators
Ĵk and Ĵl .

As the Ĵk angular momentum components correspond to
the body-fixed frame, they satisfy the anomalous commuta-
tion relations71

[ Ĵk, Ĵl ] = −iεklm Ĵm, (21)

where k, l, m = 1(x), 2(y), 3(z), εklm is the Levi–Cività per-
mutation symbol, and the Einstein summation convention is
implied. For a given rotational angular momentum quantum
number J (the molecular system is isolated and no external
fields are present), the set of orthonormal |J K M〉 symmetric
rigid rotor eigenfunctions serves as a suitable basis to set up
the matrix representation of Ĥ rv. According to Eqs. (19) and
(20), the matrix representation of Ĵk , Ĵ 2

k , and [ Ĵk, Ĵl ]+ is re-
quired to solve the rovibrational problem. The complete set of
nonzero Ĵk matrix elements71 is given by

〈J K M | Ĵx |J (K ± 1)M〉 = 1

2

√
J (J + 1) − K (K ± 1),

〈J K M | Ĵy|J (K ± 1)M〉 = ∓ i

2

√
J (J + 1) − K (K ± 1), (22)

〈J K M | Ĵz|J K M〉 = K ,

where K = −J, . . . , J corresponds to the body-fixed z, while
M = −J, . . . , J to the space-fixed Z components of the an-

gular momentum. The Ĵ 2
k and [ Ĵk, Ĵl ]+ matrices can be con-

structed by simple matrix multiplication, by inserting the res-
olution of identity between Ĵk and Ĵl , and thus

〈J K M | Ĵk Ĵl |J K ′M〉

=
∑

J ′

J ′∑
K ′′=−J ′

〈J K M | Ĵk |J ′K ′′M〉〈J ′K ′′M | Ĵl |J K ′M〉

=
J∑

K ′′=−J

〈J K M | Ĵk |J K ′′M〉〈J K ′′M | Ĵl |J K ′M〉. (23)

It is important to emphasize that Eq. (23) does not utilize any
approximations as

〈J K M | Ĵk |J ′K ′′M〉 = δJ J ′ 〈J K M | Ĵk |J K ′′M〉. (24)

As a next step, a more sophisticated rotational basis of
2J + 1 orthonormal Wang functions71 is introduced by

1√
2

(|J K M〉 + |J −K M〉) , where K is even,

1√
2

(|J K M〉 − |J −K M〉) , where K is odd,

(25)
i√
2

(|J K M〉 − |J −K M〉) , where K is even,

i√
2

(|J K M〉 + |J −K M〉) , where K is odd.

This basis has two advantages over the simple |J K M〉 func-
tions: (a) after some trivial algebra and careful choice of the
vibrational basis, it is revealed that the matrix representation
of Ĥ rv, Hrv, lacks complex matrix elements; and (b) as shown
in the previous four equations, one can separate the Wang
functions into four (only three for J = 1) sets according to the
irreducible representations of the D2 rotational group, which
helps exploiting molecular symmetry during the rovibrational
computations.

Construction of Hrv requires the introduction of a rovi-
brational basis, chosen here as a direct product of the set of
vibrational basis functions and 2J + 1 Wang functions (de-
tails concerning the vibrational basis and the necessary matrix
elements can be found in Ref. 50). Using Eqs. (17)–(20), Hrv

takes the form

Hrv = Trv + V = Tvib + Trot + Trotvib + V, (26)

where

Tvib = 1

2
I2J+1 ⊗

D∑
k=1

D∑
l=1

g̃−1/4p†
kGkl g̃1/2pl g̃−1/4, (27)

Trot = 1

2

3∑
k=1

J2
k ⊗ Gk+D,k+D

+ 1

2

3∑
k=1

3∑
l>k

[Jk, Jl ]+ ⊗ Gk+D,l+D, (28)
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TABLE I. Z-matrix representation of the internal coordinates of NH3.

N
X N 1.0
H1 N r1 X θ

H2 N r2 X θ H1 β1

H3 N r3 X θ H1 −β2

and

Trotvib = 1

2

3∑
l=1

Jl ⊗
D∑

k=1

(
g̃−1/4p†

kGk,l+D g̃1/4

+ g̃1/4Gk,l+D pk g̃−1/4
)
, (29)

where I2J+1 is the identity matrix of dimension 2J + 1 and ⊗
refers to the direct product operation.

The iterative Lanczos algorithm81 has been utilized to
compute the required eigenvalues and eigenvectors of Hrv

which only needs the effect of Hrv on an arbitrary vector of the
same dimension upon matrix-vector multiplication. As Hrv

has a special and very sparse structure, it is not constructed
explicitly during the computation. Instead, the Hrvx matrix–
vector multiplication is implemented, similarly to Ref. 50,
which reduces computation cost and memory requirements.

III. COMPUTATIONAL DETAILS

The PES of 14NH3 employed in this study was taken
from Ref. 82. It corresponds to the PES called “refined”
in that study. Atomic masses, mH = 1.007 825 u and mN

= 14.003 074 u, were employed throughout the nuclear mo-
tion computations. The set of internal coordinates applied is
summarized in Table I. The embedding of the rotational axes
was done as follows: (a) the origin of the body-fixed frame
is placed on the first atom (N); (b) the x axis is directed
toward the second atom (X, a dummy atom); (c) the x − y
plane is defined by the first three atoms (N, X, and H1); (d)
the z axis is oriented according to the right-hand rule; and
(e) the origin is shifted to the center of mass of the nuclei.
For reference purposes, full-dimensional variational rovibra-
tional computations employing the complete rovibrational
Hamiltonian without constraints on the coordinates were
carried out.

Besides the full-dimensional, 6D, model, five reduced-
dimensional models, henceforth called 1D, 2D, 3D, 4D1,
and 4D2, were also implemented, where the number of
dimensions refers to the number of active vibrational coor-
dinates. In all reduced-dimensional models the coordinate θ ,

describing the inversion motion, was kept active. Different
symmetrized and nonsymmetrized stretching and bending
coordinates were added to it in order to investigate their effect
on the rovibrational states. The models are shown in Table II,
detailing both the active and the constrained coordinates. The
constrained coordinates were fixed at the equilibrium values
of the PES, r1 = r2 = r3 = 1.01031 Å and β1 = β2 = 120o.
Fixing these coordinates is equivalent to the deletion of rows
and columns corresponding to the constrained coordinates
from the full-dimensional g matrix. An alternative method
had also been implemented for the 4D1 model, whereby
values of the constrained β1 and β2 coordinates were allowed
to relax at each grid point of the active coordinates. For the
lower lying vibrational levels computed the “relaxed” and
“fixed” results show no significant deviations. This result
validates our choice of equilibrium values for the constrained
coordinates, at least for the lower lying vibrational levels. Im-
plementation of all these different models is straightforward
within the GENIUSH protocol.

Potential-optimized (PO) (Refs. 83–85) Hermite-DVR
(where DVR means discrete variable representation) basis
functions were utilized for the vibrational degrees of free-
dom, see Ref. 50 for details. The DVR intervals for the in-
ternal coordinates can be summarized as follows: r1, r2, r3

∈ [0.35, 2.5] Å, β1, β2 ∈ [20, 220]◦, and θ ∈ [5, 175]◦. In
this study the Podolsky form50 of the kinetic energy op-
erator given in Eqs. (14) and (17)–(20) has been applied
without further rearrangement. It requires the evaluation of
only the first derivatives of the Cartesian coordinates in the
body-fixed frame with respect to the internal coordinates,
unlike the “rearranged” form50 often used in (ro)vibrational
computations,52, 54, 55 which requires not only the first but also
the second and third derivatives. The rovibrational protocol
presented in this work for the Podolsky form can be easily
adapted to the case of the “rearranged” Hamiltonian.

The customary ordering of the vibrational quantum num-
bers is employed for labeling the computed J = 0 states: 1
= totally symmetric stretch, 2 = inversion mode, 3 = doubly
degenerate stretch, and 4 = doubly degenerate bend. The
inversion-mode states are labeled, however, not by v2 but by
vinv to account for the doubling of the levels. The molecu-
lar symmetry (MS) (Refs. 58 and 86) group D3h(M) is used to
provide labels for the symmetries of the rotational–vibrational
states of ammonia.

The pure electronic and effective 1D vibrationally av-
eraged barriers to inversion of 14NH3 are computed to be
1777±10 and 2021±20 cm−1, respectively.87, 88 The lat-
ter value is in full agreement with a set of effective 1D
spectroscopic results in the 2018±10 cm−1 interval.13–16 This

TABLE II. Characteristics of the reduced-dimensional models of NH3 employed in this study.

Model Active coordinates Constrained coordinates Nb for the active DOFsa

1D θ r1, r2, r3, β1, β2 40 (100)
2D θ , 1√

3
(r1 + r2 + r3) 1√

6
(2r1 − r2 − r3), 1√

2
(r2 − r3), β1, β2 25 (80), 15 (80)

3D θ, β1, β2 r1, r2, r3 25 (80), 15 (80), 15 (80)
4D1 θ , r1, r2, r3 β1, β2 25 (80), 15 (80), 15 (80), 15 (80)
4D2 θ, 1√

3
(r1 + r2 + r3), β1, β2

1√
6

(2r1 − r2 − r3), 1√
2

(r2 − r3) 25 (80), 15 (80), 15 (80), 15 (80)

aNb = number of basis functions. DOF = degree of freedom. The number of primitive DVR vibrational basis functions is given in parentheses.
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TABLE III. Relevant full- and reduced-dimensional zero-point vibrational energies (GS = ground state) and vibrational band origins of 14NH3 relative to the
vibrational ground state energy, all in cm−1. The molecular symmetry group D3h(M) is used to label the rotational–vibrational states of ammonia. The D3h(M)
symmetry labels are given in parentheses. The 1D, 2D, and 4D1 models do not exhibit the ν+

4 and ν−
4 vibrations as the β1 and β2 vibrational coordinates are

fixed in these cases.

1D 2D 3D 4D1 4D2 6D Expt.a

0+ (A′
1, GS) 521.43 2256.74 2158.70 5828.91 3911.34 7436.82 . . .

0− (A′′
2) 1.13 1.28 1.70 0.58 1.74 0.79 0.79

ν+
2 (A′

1) 930.57 900.48 904.48 945.65 881.01 932.41 932.43

ν−
2 (A′′

2) 979.80 952.80 970.68 973.89 946.02 968.15 968.12

2ν+
2 (A′

1) 1586.97 1537.60 1550.06 1626.11 1511.43 1597.26 1597.47

ν+
4 (E ′) . . . . . . 1659.43 . . . 1649.71 1625.62 1626.28

ν−
4 (E ′′) . . . . . . 1662.12 . . . 1652.08 1626.73 1627.37

2ν−
2 (A′′

2) 1918.86 1868.39 1917.98 1884.43 1867.66 1882.18 1882.18

aExperimental results are taken from Ref. 90 and have higher accuracy than indicated here. The VBOs obtained with TROVE,82, 91 using the same PES and following the same order,
are 7436.82, 0.80, 932.42, 968.16, 1597.29, 1625.64, 1626.75, and 1882.20 cm−1.

energy is smaller than all but five of the vibrational state ener-
gies of 14NH3. The vibrational band origins (VBOs) of 14NH3

lower than this energy have quantum numbers vinv = 0, 1,
2, and 3, and v4 = 1. This investigation focuses only on the
rotational–vibrational states characterized by vinv = 0, 1, 2,
3, 4, and 5 and v4 = 1, while all other vibrational quantum
numbers are kept at zero.

Ideally, each inversion state holds a set of 2J + 1 “rota-
tional” energy levels which can be characterized as symmetric
top levels using the usual quantum numbers J and K .58 To la-
bel the rovibrational states of ammonia further, two routes can
be followed. The clearest route is to use the vinv quantum num-
ber to distinguish between the inversion doublets and employ
the irreducible representations of the D3h(M) MS group. The
less preferred alternative is to designate the doublets with su-
perscripted + and − symbols, indicating the lower and higher
energy member of the pairs, respectively. Note also that nu-
clear spin statistics makes some of the computed rovibrational
levels missing. Finally, we mention that for the {ν+

2 , ν−
2 } diad

and especially for the {2ν+
2 , ν+

4 , ν−
4 } triad, the energy or-

der of the rotational–vibrational eigenstates does not strictly
follow the order of the VBOs (the J = 0 eigenstates). The
rotational–vibrational states were sorted according to the pre-
scription of the rigid-rotor decomposition (RRD) procedure
as given in Ref. 89.

IV. RESULTS AND DISCUSSION

A. Full-dimensional results

The full (6D) dimensional VBOs obtained with the
PES and the exact kinetic energy operator employed in this
study within the GENIUSH protocol have been reported in
Ref. 50. A few of these results are reproduced in Table III
along with the experimental values taken from Ref. 90. The
basis set used here is large enough to converge all the VBOs
of interest to better than 0.01 cm−1. Thus, the computed
full-dimensional rotational–vibrational energy levels, some of
which are reported in Table IV, serve as benchmark numbers.

As clear from Table IV, the present PES,82 at least for the
low J values investigated in this study, provides rotational–
vibrational energies in good agreement with the experimental
results (not shown). The agreement is not as outstanding as

has been observed for the recent exceedingly high quality ab
initio and ab initio-based PESs of water,92–94 but the average
accuracy of the computed lines is down to the 0.1 cm−1 level.

It is also interesting to compare the present bench-
mark energy values to those obtained using the TROVE al-
gorithm employing truncated kinetic and potential energy
operators.82, 91 The appropriate vibrational and rovibrational
results are reported in Tables III and IV, respectively. In
all cases the TROVE energy values are higher than the
GENIUSH ones. However, the differences are very small, on
the order of 0.01–0.03 cm−1, both for the pure vibrational and
rovibrational states, considerably smaller than the accuracy of
the PES employed, on the order of 0.1 cm−1 for the states
considered. This proves the validity and utility of the approx-
imations introduced in the TROVE algorithm.

Finally, a few words about the rotational wave numbers
corresponding to the different rotational axes. The rotational
energies at about 20 cm−1 for J = 1 are considerably larger
than the splitting between the 0+ and 0− states, about 1 cm−1.
Thus, resonance interactions should be limited. One further
expects that rotation about the principal symmetry axis in-
creases the inversion splitting and those about the perpendic-
ular axes act in the opposite direction. As shown in Fig. 1,
the splittings between the E ′ and E ′′ states can both increase
and decrease as a function of J and K , though these changes
are rather small for the small J values considered. The rela-
tive splittings change almost linearly as a function of K . For
each J , the relative splitting is positive only for the largest K
pair.

B. Convergence of the rovibrational levels

Convergence of the rovibrational levels of NH3 was ex-
amined extensively with respect to the size of the vibrational
basis. Full-dimensional computations were carried out from
J = 0 up to J = 4. The reported “convergent” results were
computed using 25 vibrational basis functions for the inver-
sion and 10 vibrational basis functions for each of the other
five degrees of freedom. For the approximate rovibrational
levels a considerably smaller vibrational basis, containing 14
functions for the inversion and 5 for each of the others, was
utilized. The basis functions mentioned refer to PO DVR
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TABLE IV. Selected computed full-dimensional rotational–vibrational en-
ergy levels of 14NH3 for J = 1−4, in cm−1, referenced to the zero-point
vibrational energy of the system (all vibrational modes other than the um-
brella motion remain in their ground state). See text for the meaning of the
labels {vinv J K } of the rotational–vibrational states. Symmetry labels corre-
spond to the D3h(M) molecular symmetry group.

J K vinv Symm. label GENIUSH TROVE

1 0 0 A′
2 19.907 19.907

1 1 0 E ′′ 16.188 16.188

1 1 1 E ′ 16.979 16.981

1 0 2 A′
2 952.558 952.570

1 1 2 E ′′ 948.578 948.589

1 1 3 E ′ 984.209 984.219

2 1 0 E ′′ 55.988 55.988

2 2 0 E ′ 44.838 44.838

2 0 1 A′′
2 60.465 60.467

2 1 1 E ′ 56.759 56.761

2 2 1 E ′′ 45.630 45.632

2 1 2 E ′′ 988.860 988.872

2 2 2 E ′ 976.928 976.940

2 0 3 A′′
2 1027.507 1027.517

2 1 3 E ′ 1023.781 1023.792

2 2 3 E ′′ 1012.596 1012.606

3 0 0 A′
2 119.341 119.342

3 1 0 E ′′ 115.637 115.638

3 2 0 E ′ 104.516 104.516

3 3 0 A′′
2 85.943 85.944

3 1 1 E ′ 116.380 116.382

3 2 1 E ′′ 105.278 105.280

3 3 1 A′′
2 86.740 86.742

3 0 2 A′
2 1053.171 1053.183

3 1 2 E ′′ 1049.216 1049.228

3 2 2 E ′ 1037.327 1037.340

3 3 2 A′′
2 1017.453 1017.465

3 1 3 E ′ 1083.098 1083.109

3 2 3 E ′′ 1071.935 1071.946

3 3 3 A′
2 1053.302 1053.313

4 1 0 E ′′ 195.076 195.077

4 2 0 E ′ 183.991 183.992

4 3 0 E ′′ 165.482 165.482

4 4 0 E ′ 139.492 139.492

4 0 1 A′
2 199.466 199.469

4 1 1 E ′ 195.781 195.784

4 2 1 E ′′ 184.716 184.719

4 3 1 A′
2 166.239 166.242

4 4 1 E ′′ 140.298 140.300

4 1 2 E ′′ 1129.566 1129.579

4 2 2 E ′ 1117.734 1117.747

4 3 2 A′′
2 1097.956 1097.969

4 4 2 E ′ 1070.140 1070.152

4 0 3 A′′
2 1165.817 1165.829

4 1 3 E ′ 1162.108 1162.121

4 2 3 E ′′ 1150.975 1150.988

4 3 3 A′
2 1132.390 1132.403

4 4 3 E ′′ 1106.313 1106.324

functions for all degrees of freedom, each of them were gen-
erated by employing 80 primitive DVR functions (see Ta-
ble II for a summary about basis functions for the reduced-
dimensional models).

A pictorial representation of the deviations between the
convergent and approximate rovibrational levels is given in
Fig. S1 of supplementary material,73 where the minimum un-
signed, maximum unsigned, and mean values of these devia-
tions are plotted for six vibrational states.

As usual, deviations between the convergent and the ap-
proximate rovibrational levels increase with vibrational exci-
tation. For the vibrational ground state the small vibrational
basis is able to reproduce the exact rovibrational levels very
well, while the biggest deviations are present for the fifth
VBO. These findings suggest that: (a) the incompleteness of
the vibrational basis plays an important role in the error of the
rovibrational levels (unless they are referenced to the actual
VBO); and (b) even small vibrational basis sets are able to
supply rovibrational levels of appropriate precision for some
of the vibrational band origins.

C. Reduced-dimensional results

During the present test study of 14NH3, five reduced-
dimensional models (see Table II) have been tested, ranging
from 1D to 4D. Table II summarizes some details concern-
ing the number of applied vibrational basis sets for the vibra-
tional models. Table III gives the computed full- and reduced-
dimensional vibrational band origins of interest for this study.
All of the computed rovibrational levels were referenced to
the appropriate VBOs and the differences of these full- and
reduced-dimensional levels were then computed. The maxi-
mum unsigned, minimum unsigned, and mean absolute devi-
ations (MADs) are summarized in Table V for J = 1 and 4,
respectively.

The zero-point vibrational energy (ZPVE) for the 1D
model is 521.4 cm−1 (Table IV). The considerable increase
in the effective 1D barrier height mentioned before is due to
the significant tightening of bonding at the transition state, as
reflected in the PES. In the 1D model, similarly to the full
6D model, there are four vibrational states below the barrier,
while the fifth state (vinv = 4) is already slightly beyond it.

Though there is a considerable shift (see the MAD val-
ues of Table V) of the rovibrational energy levels due to the
incompleteness of the vibrational model for the ground state,
deviations from the MADs are considerably smaller, up to a
factor of 6. Thus, the computed reduced-dimensional rovibra-
tional energies have considerable predictive power.

The summary of the computed deviations of the reduced-
dimensional rotational–vibrational results from the full rovi-
brational results (Table V) shows clearly the considerable ap-
proximations characterizing the 1D vibrational model. Inter-
estingly, the 2D model, employing the two fully symmetric
modes of ammonia, does not improve substantially the 1D
results, except for the 0+ and 0− states. For example, the dif-
ference between the 2ν+

2 (A′
1) and 2ν−

2 (A′′
1) VBOs is 285 cm−1

experimentally, while the {1D, 2D} splittings are {332, 331}
cm−1, a gross overestimation in both cases. In fact, none of
the reduced-dimensional models are successful in predicting
this splitting.

By far the best model for describing the umbrella mo-
tion of ammonia is the 4D1 model. This is a somewhat
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FIG. 1. Relative splittings between rovibrational states of 14NH3 sharing the same K value for a given J for the vinv = 0/1 (v2 = 0) and vinv = 2/3 (v2 = 1)
pairs, referenced to the corresponding J = 0 values. Relative splittings for different J values are denoted according to the following pattern: rectangle: J = 1,
circle: J = 2, triangle: J = 3, and star: J = 4.

nonintuitive result and perhaps stems from a considerable
coupling between the umbrella mode and the overtones of the
nonsymmetric stretching modes. Nevertheless, even this best
reduced-dimensional model produces errors an order of mag-
nitude larger than the intrinsic accuracy of the PES. Even in
the most favorable cases the improvement in the maximum
unsigned error is only about a factor of 2. Thus, it is surpris-
ingly hard to improve upon the simplest 1D model by the

inclusion of further degrees of freedom in the active set of
coordinates. This is a serious warning when treating larger,
more complex systems and what can be expected from mod-
els including several degrees of freedom in the active set de-
signed to improve upon the physically simplest model. How-
ever, in the many cases when the smallest reasonable treat-
ment of the molecular system does require the active treat-
ment of several coordinates, the present procedure provides

TABLE V. Maximum unsigned, minimum unsigned, and MAD deviations between the computed full- and reduced-dimensional results, in cm−1, for the
J = 1 and J = 4 states of 14NH3. Both the full- and the reduced-dimensional rovibrational levels are referenced to the appropriate vibrational band origins
given in Table III.

J = 1 J = 4

Label 1D 2D 3D 4D1 4D2 1D 2D 3D 4D1 4D2

0+ maximum 0.243 0.129 1.360 0.343 0.461 2.697 1.376 6.570 3.282 4.606
minimum 0.208 0.121 1.087 0.195 0.271 1.909 1.351 2.360 1.050 1.571

MAD 0.219 0.127 1.178 0.244 0.334 2.357 1.362 4.815 2.359 3.344

0− maximum 0.247 0.130 1.448 0.338 3.444 2.731 1.377 6.527 3.239 4.516
minimum 0.211 0.121 1.180 0.193 0.268 1.939 1.357 2.401 1.049 1.587

MAD 0.223 0.127 1.270 0.242 1.327 2.390 1.365 4.806 2.334 3.297

v+
2 maximum 0.440 0.491 2.542 0.125 0.698 4.742 5.114 9.500 4.755 7.790

minimum 0.254 0.290 2.163 0.075 0.351 1.450 1.716 1.243 0.438 1.441
MAD 0.316 0.357 2.416 0.092 0.467 3.351 3.685 5.263 1.645 4.930

v−
2 maximum 0.596 0.530 0.349 0.024 0.529 6.181 5.417 6.557 3.650 5.308

minimum 0.372 0.332 0.074 0.015 0.309 2.420 2.155 0.499 0.148 0.611
MAD 0.447 0.398 0.166 0.018 0.382 4.607 4.053 4.155 0.860 3.576

v+
4 maximum . . . . . . 1.063 . . . 0.932 . . . . . . 8.502 . . . 5.589

minimum . . . . . . 0.014 . . . 0.256 . . . . . . 1.386 . . . 0.065
MAD . . . . . . 0.622 . . . 0.552 . . . . . . 6.207 . . . 3.829

v−
4 maximum . . . . . . 1.079 . . . 0.942 . . . . . . 8.431 . . . 5.483

minimum . . . . . . 0.030 . . . 0.273 . . . . . . 1.384 . . . 0.097
MAD . . . . . . 0.587 . . . 0.508 . . . . . . 5.684 . . . 3.219

2v+
2 maximum 0.500 0.617 3.462 0.275 0.470 4.950 6.061 3.781 2.573 4.564

minimum 0.293 0.396 3.332 0.086 0.319 1.795 2.716 1.919 0.199 2.358
MAD 0.362 0.470 3.419 0.149 0.369 3.717 4.749 3.082 1.598 3.723

2v−
2 maximum 1.012 0.894 1.713 0.424 0.478 10.209 8.957 6.359 4.231 4.799

minimum 0.607 0.529 1.505 0.171 0.313 3.683 3.117 3.075 0.197 2.148
MAD 0.742 0.651 1.574 0.255 0.368 7.495 6.530 4.990 2.558 3.695
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a straightforward way for the interpretation of the measured
rotational–vibrational spectra.

V. SUMMARY

By extending a previous vibration-only study,50 lay-
ing down the foundation of the GENIUSH protocol, where
GENIUSH stands for General algorithm with Numerical,
Internal-coordinate, User-Specified Hamiltonians, a fully
general quantum mechanical algorithm is presented here
which treats the rotational and vibrational degrees of freedom
of free molecules simultaneously. The rotational–vibrational
GENIUSH protocol can employ a set of arbitrary curvilin-
ear vibrational coordinates to describe the internal motion
of the molecule. Note that the protocol was not developed
based on the ubiquitous Euler angles to describe the over-
all rotation of the molecule but on infinitesimal rotations.
The thus completed nuclear motion GENIUSH algorithm al-
lows computation of full-dimensional rotational–vibrational
eigenstates with an exact kinetic energy operator whose form
does not need to be known in advance. Due to its design, the
GENIUSH algorithm is perfectly suitable to treat molecules
exhibiting an arbitrary number of large-amplitude motions
connecting an arbitrary number of minima on the potential en-
ergy surface of the molecule. A potentially even more signifi-
cant advantage of this protocol over other existing schemes is
that it is developed to allow the design of different reduced-
dimensional nuclear motion computations and execute them
within exactly the same code. Finally, it is noted that in several
instances the overall rotation of the molecule cannot be sep-
arated from the large-amplitude motions due to the similarity
in their time scales. The GENIUSH protocol can be employed
in these cases straightforwardly. In quantum control theory of
molecular systems,95 J seizes to be a good quantum num-
ber due to the presence of an external field, and algorithms
treating vibrations and rotations on an equal footing should
be employed, like the general GENIUSH protocol.

The capabilities of the rovibrational GENIUSH algo-
rithm were tested on the ammonia (14NH3) molecule, ex-
hibiting one large-amplitude motion usually called “umbrella
motion.” Rovibrational energy results from five reduced-
dimensional models were compared to the full 9D treatment
of coupled internal and rotational motions of ammonia. The
rovibrational energy levels obtained from even just a 1D vi-
brational treatment agree nicely with those from the full treat-
ment. This suggests that reduced-dimensional computations
can yield reasonably accurate rotational–vibrational eigenen-
ergies (and eigenfunctions) if the reduced-dimensional vibra-
tional model is reasonably accurate. The deviations between
the 1D and full-D energies increase considerably for the ex-
cited vibrations. This increase is mostly due to the discrep-
ancies in the vibrational band origins, but some of it remains
when the rovibrational energies are referenced to the appro-
priate VBOs. From the different computations employing 1D,
2D, 3D, 4D, and 6D vibrational models, always including the
umbrella motion of ammonia, it is clear that the simplest 1D
model is successful in reproducing the splitting of the first
few pairs of VBOs and that of the rotational levels they hold
with respect to experiments and it is rather hard to substan-

tially improve upon it. Nevertheless, in the many known cases
when even the smallest reasonable treatment of the molecu-
lar system exhibiting large-amplitude motions requires the ac-
tive treatment of several degrees of freedom, the GENIUSH
protocol, or any similar procedure, provides a straightfor-
ward way for the interpretation of the measured rotational–
vibrational spectra via reduced-dimensional nuclear motion
computations.
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